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Introduction
In the 80's the matter-coupled N = 1 supergravity theories were constructed. At that time, the physics community was considering a Minkowski spacetime. One of the main results of [1] [2] [3] was the supertrace formulae. These mass formulae were important for phenomenological model building. The result was given for a Minkowski background. Meanwhile we know that spacetime can be de Sitter, and thus a generalization of the result of 1982 is required.
We consider mass formulae for theories with N chiral multiplets coupled to supergravity for arbitrary background potentials and for non-extremal points.
The formulation is given in terms of the Kähler-invariant function G(z,z) and in the formulation with Kähler potential K(z,z) and superpotential W (z), where z represent the complex scalar fields. The relation between the two formalisms is given in Appendix A, where also some basic quantities are defined. We further use all notations from [4] .
In Sec. 2 we consider the definition of the Goldstino in curved space leading to the super-Brout-Englert-Higgs (BEH) formalism. This defines the effective mass matrix for the physical fermions. The mass matrices are calculated in Sec. 3, where the main result is obtained. Concluding remarks are given in Sec. 4.
Super-BEH formalism in curved space
The super-BEH effect in Minkowski space was considered in [2, 3] . It was generalised to a cosmological background (with non-constant scalars) in [5] . We will now give the steps for a more general situation. The notations are given in Appendix A. Note in particular that m 3/2 is used as the "apparent gravitino mass", which appears in the Lagrangian.
Lagrangian with Goldstino
In the Lagrangian (A.5) there is a mixing term between the gravitino and the Goldstino υ. In order to 'diagonalize' the Lagrangian, we redefine the gravitino with terms proportional to the Goldstino. The procedure has been explained in detail in [4, Sec.19.1.1] for Minkowski space. However, it will turn out that in curved space more terms are generated even for timeindependent configurations of the fields. Therefore we consider a redefinition of the gravitino that corresponds to a supersymmetry transformation of the gravitino with parameter = αυ, where α will be determined by the requirement of absence of mixing terms between the gravitino and the other fermions:
Considering first the gravitino kinetic terms (here and below, we omit the overall factor e):
where we omitted total derivatives, neglected higher order terms due to torsion, . . . . Similar for the mass term
Finally, from the mixing term
The terms linear in α are those produced by a supersymmetry transformation. If also the frame field is redefined as in a supersymmetry transformation,
the terms proportional to α should cancel for the supersymmetric anti-de Sitter case where V = 3|m 3/2 | 2 , and there is no 'mixing term'. Indeed, the redefinition (2.5) leads to terms proportional to the Einstein tensor and terms due to the potential term:
There are many terms in higher orders in the fermions, which we do not have to consider. We then obtain as terms linear in the Goldstino
Indeed, the α terms cancel for the supersymmetric anti-de Sitter case. We fix α by the requirement that such mixing terms do not occur, and thus obtain:
where V + and X are defined in (A.9)-(A.11).
There remain four types of terms quadratic in the Goldstino:
1. Kinetic terms
3. A term with a triple covariant derivative
4. Terms which lead to a commutator of Lorentz-covariant derivatives
For the latter two terms, we can use the same methods as in the proof of the invariance of the supergravity action
Rυ .
Using also the Bianchi identity, these terms therefore lead to 3 :
To cancel these terms, we can modify the frame field once more:
Similar to (2.6), this leads to extra terms in the action (rewriting now the new E µ a as conventional frame field e µ a )
The first line of the right-hand side cancels the terms in (2.14), while the last line gives new terms of the form of (2.9) and (2.10). Therefore, we remain after the super-BEH mechanism with the new terms that are proportional to − 3 2 The upshot is that this super-BEH mechanism leads to terms
Using the value of the Goldstino as in (A.7), these terms are of the form (using the quantity X defined in (A.10) and neglecting spacetime derivatives on the scalars)
The Kähler-invariant function G is defined in (A.1).
Modified kinetic terms
Combining the kinetic terms of the fermions of (A.5) with the correction terms in (2.19) leads to a kinetic matrix
This has the zero mode
This proves that the Goldstino disappears from the kinetic matrix.
Modified mass terms
In the same way, the full holomorphic mass matrix is
Note that, with the help of (A.13), we can derive that this mass term has a zero mode proportional to the Goldstino modulo the derivative of the potential:
so that for V α = 0 the matrix M has rank N − 1. One could also define an off-shell mass matrix (with 
For broken supersymmetry, also the gravitino enters, and the Goldstino modifies the mass matrix of the spin 1/2 particles. Hence
Rigid supersymmetry
For pedagogical purpose, we first make the calculation for rigid supersymmetry in Minkowski space. The masses for the scalars are determined by the second derivatives of the potential
where for rigid supersymmetry
The latter is the holomorphic fermion mass matrix. We used commutators of covariant derivatives like
We mention in (3.3) also the holomorphic second derivative, despite the fact that it is not relevant for the trace of the mass matrix. However, it governs a mass splitting between the real and imaginary parts of the complex bosons if supersymmetry is broken.
2 Note that by masses we mean the Lagrangian masses. For the spin 3/2 the definition of 'effective mass' could be used for the following expression m 
Supersymmetry is unbroken if
Unbroken supersymmetry:
In that case, we see that we have always an extremum of the potential V α = 0 where the potential is zero, V = 0. Since then also the last line of (3.3) vanishes, and V αᾱ reduces to the square of the fermion mass matrix, these scalars and fermions for each α have the same mass in a basis where the metric is diagonalized. The supertrace of the mass matrix is
In [4, Sec.14.5.5] this is explained in more detail, and the generalisation including gauge multiplets is given.
Calculation of the supergravity trace formula
For the bosonic masses we need the second derivatives of the potential. These are modifications of (3.3), starting with the potential in (A.9) or (A.12) and first derivatives in (A.13).
Note that the conditions of unbroken supersymmetry
Unbroken supersymmetry: 8) imply that to the supersymmetry-preserving conditions lead to an extremum of the potential. The first derivative of the potential, V α , is given by (A.13). The second derivatives (in both formulations) are
In the unbroken case, they reduce to
For the trace of the mass matrix, only the mixed derivatives contribute, and we have
Using the zero-mode equation (2.23), a useful relation can be derived for the square of the fermion mass matrix:
This reduces the previous formula to
Results
The supertrace defined by (3.2) is therefore for N chiral multiplets
As mentioned in (A.9), V + = V + 3|m 3/2 | 2 . Note that the last term is singular for unbroken supersymmetry, since then V + = 0. At an extremum V α = 0 we obtain 15) which is the generalization of the result in [2, 3] for arbitrary cosmological constant V . Note that for N = 1 the first term drops for arbitrary V . A particularly interesting situation is the configuration for which V − = 0 and V + is nonzero, which implies a positive cosmological constant with vanishing 'apparent gravitino mass' m 3/2 . This is a realisation of the Super-BEH effect in de Sitter space. Also in this case, looking at (3.14), there is a breaking term (N − 1)V + , and a Kähler curvature term while the last term vanishes.
In the case of unbroken supersymmetry, see (3.8) , in AdS space, we use (3.1) to obtain the mass formula for chiral multiplets in AdS. The result (3.10) then gives
The masses for N = 1 (one chiral multiplet) for unbroken supersymmetry in AdS were obtained in [6] . In [7] the formula for V and its derivative V not zero is given for a single chiral multiplet, which therefore must be the sgoldstino.
For unbroken supersymmetry in Minkowski, the supertrace vanishes completely, and one has mass degeneracy of all the spin 0 and spin 1/2 particles.
Concluding remarks
In this work we gave the generalisations of the trace formulae of [1] [2] [3] to curved spacetime where configurations with non-vanishing potential and also with non-vanishing first derivative are considered. These formulae include the case of unbroken supersymmetry in Minkowski and AdS backgrounds as well as the case with broken supersymmetry with arbitrary sign of the cosmological constant.
We emphasize that our formulae are based on the mass parameters in the Lagrangian. One may consider different definitions of the mass in curved space. E.g. for spin-1/2 fermions the equation of motion derived from the action is
where m is the parameter in the Lagrangian term − R. However, since we do not know of any general accepted definition of masses in (anti-) de Sitter space, we formulated our results in terms of the mass parameters in the Lagrangian.
Configurations with W = 0 imply either unbroken supersymmetry in flat space or a de Sitter geometry with broken supersymmetry. Otherwise W non-zero is the general situation that also includes broken supersymmetry in flat space and unbroken supersymmetry in AdS space. The formulae for rigid (global) supersymmetry were also given and shown to be related to the local formulae in particular limits. We also retrieved the difference between mass relations in flat and AdS supersymmetric backgrounds.
These results are valid for spontaneously broken linearly realised N = 1 supersymmetry with multiplets where the Goldstino has always a scalar partner, the sgoldstino. However, one may envisage linear theories where in some limits the sgoldstino has a large mass with respect to supersymmetry breaking scale [8, 9] and can be integrated out giving a nonlinear realisation of supersymmetry of the Volkov-Akulov type [10, 11, 8, 12] .
In this limiting case it should be possible to adapt the supertrace formulae to nonlinear realisations as is the case for the scalar potential, which has been largely explored in recent time especially in relation to models of inflation [13] [14] [15] [16] 4 and the KKLT [18] scenario.
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A Notation and translation between two formalisms
We put the gravitational coupling constant κ = 1. The Kähler-invariant function is determined by the Kähler potential K and the superpotential W by
Simple derivatives lead to relations with the Kähler covariant derivatives of the superpotential:
where
The third derivatives are related by 
In the G-formalism,
The potential is split in a positive and a negative contribution
(A.9)
It will be useful to define also the dimensionless relation between the two parts of the potential
(A.10)
In the G-formulation, this is X = G αḠ α = G α g αβḠβ .
(A.11)
This allows to write the potential as
The derivative of the potential can be written as
